Week 12 — Substitution-Areas

Substitution: We know that

d _ dF(u) du(x)
%FW(@)  du  dx

by the chain rule. If we integrate both sides, we
see that

/}wu»MWMx:qu»+c

where f = F’, or more simply
[ e i@ = [ fwdu

Exercise 12-1: Evaluate the integral

/(1:4 +1)*42° do

Solution: It is possible the expand the paren-
thesis, but there is no need.

u=z*+1 = du=423dx

The new integral is:

3
/quu:%—l—c

But we have to express this in terms of the
original variable:

(! +1)°

3 +c

Exercise 12-2: Evaluate the integral

2
/639” T dx

Solution: Let I — / 7y dr

2

u =3z = du=6zxdx

1
= xdxzédu

Exercise 12-3: Evaluate the following integrals:

a) /(x2 + 1)z dx

b)/mdx
c) /tanxdm

d) /sin4xd:c
e)/\/13a:—|—7dx

f) /(1 — cosx)’sinz dx

)/ r+3 I
g 22+ 6x—1

r+3

dx

)/ % 4 6z — 1)2

1
i d
')/1+9x2 o

_ 5
) / 16 1 2522 *

k) /cos(?ac2 +4)xdx

Substitution in Definite Integrals: If ' is
continuous on the interval [a,b] and f is contin-
uous on the range of u then

u(b)
/ flu x)dr = f(u) du

u(a)
When using substitution in definite integrals,



don’t forget to transform the limits!

Exercise 12-4: Evaluate the definite integral

1

/ 8z(z* +2)° dx

0

Solution: Using u = 2% +2, du = 2xdz and
r=0 = u=2,

r=1 = u=3

we obtain

Another idea is to evaluate it as an indefinite
integral, rewrite u in terms of x and then use
limits for x.

Once again, using u = 22 + 2, du = 2xdx

/8x($2+2)3d:v = /4u3du

= u4+c

= (®+2)*+c
1 1
/ 8x(x? +2)3dx = (22 +2)*
0
= 81—-16
= 65

Exercise 12-5: Evaluate the following definite
integrals.

0

4
a)/ zvVa? + 9dx
0
w/2
b)/ sin z cos z dx
0

8
c) / vz + ldx
0

)/ T+ 2
:172+4x—|—7

w/4
e) / Vtan x sec’ z dx
0

f) /1 {1+ Vo) +\/\§5)4 dz

N +2
g) / tsin — dt
0 2

/2
h) / (14 3sin )2 cos 6 db
0

Area Between Curves: Let f and ¢ be
continuous with f(z) > g(x) on [a,b]. Then
the area of the region bounded by the curves
y = f,y = g and the vertical lines x = a,z =b
is:

Sb---=---

1= (@) - o) do

It is also possible to integrate with respect to .
Then,

y

0 /
9(y) )
/ xXr




Note that we should integrate:
TOP minus BOTTOM, or
RIGHT minus LEFT.

Exercise 12-6: Find the area of the region
bounded above by y = = + 6, below by y = z?
and bounded on the sides by the linesx = 0, = =
2.

2
Solution: A = / r+6—22dx
0

2 3|2

A
= 4 er— =
2—1—9530
8
= 2412—--0
+ 3
7!
3

Exercise 12-7: Sketch the region enclosed by
the given curves, and find its area.

12
a)y=2% y=x+6 (Answer —5)

b)z=19% z=y+2 Answer: —)

AQy=2% y=+r, x=1/4, z=1
(e 55 )
Answer: —

192
1
d)y =2+r-1 y = -—c2+7
(Answer: 24)
e) y = 4 — 22 y = 32? — 12

(Answer: %)

4 3
f)y=22 y=a° (Answer: %)

Integration by Parts: We know that

therefore:
d(uv) =vdu +udv

udv = d(uv) —vdu

Integrating both sides, we obtain:
/udv:uv—/vdu

Exercise 12-8: Evaluate
/ ze® dx

Solution: We have to choose u and dv correctly.

u=zx = du=dx

T

dv=¢€e"dr = wv=ce

Using the integration by parts formula, we obtain

/xexdx:xex—/exdx
/memdx = xe””—/emdx

= ze¥ -+

(Check that the alternative choice
u = e*, dv = xdr does NOT work)

Exercise 12-9: Evaluate the following integrals:

a) /J:sinxdx
b) /xe?’xdx
c) /xze dx
d) /x2lnxda:
e) /ln—xdx
f) /1n:1:d:c



Definite Integrals using Integration by

Parts:
b b b
/ udv = uv| — / vdu
a a a

Exercise 12-10: Evaluate the following
integrals:

2
a)/ ze *dx
0

b) / Vzlnzdr
1

Review Exercises

Exercise 12-11: Evaluate the following inte-
grals:

a) /sin7x cos x dx

b) /Sin7 r cos® r dx

1
c)/xln:cdw
d)/ dx

Vr(l+x)?

sinx cosx
e)/

3 + 4 sin? :1:
f)/—d:r:

1
g)/s %
)/ 20+ 1

2+x+1 du

Exercise 12-12: Evaluate the following definite
integrals.

/9
a) / sec” 3z dx
w/12

b) / (In 923 dx

CoS T
—d
c)/ 5 —2sinx o

Exercise 12-13: Find the area enclosed by the
following curves:
a)y=3x+7, y=—2’+1, x=—-1, z =4
b) y=2?+4z+4, y=3z+ 10
y=2-12% y=—x
d)y=Vz, y=—r, v=4

Exercise 12-14:  Evaluate the following
integrals:

a) /xplnxda:

b) /arctanxdx

c) /xsec2 xdx

d) /COS ze® dx

1
e)/ r?e” do
0
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